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ORIENTATION 


This  is  Part  III  of  a  six-part  report  on  the  results  of  an 
investigation  into  the  problem  of  determining  the  scattered  field 
resulting  from  the  interaction  of  a  given  electromagnetic  incident 
wave  with  a  perfectly  conducting  body  executing  specified  motion  and 
deformation  in  vacuum.  Part  I  presents  the  principal  results  of  the 
study  of  the  case  of  a  general  motion,  while  Part  II  contains  the 
specialization  and  completion  of  the  general  reasoning  in  the  situation 
in  which  the  scattering  body  is  stationary.  Part  III  is  devoted  to 
the  derivation  of  a  boundary-integral- type  representation  for  the 
scattered  field,  in  a  form  involving  scalar  and  vector  potentials. 

Parts  IV,  V,  and  VI  are  of  the  nature  of  appendices,  containing  the 
proofs  of  numerous  auxiliary  technical  assertions  utilized  in  the  ’ 
first  three  parts.  Certain  of  the  chapters  of  Part  I  are  sufficient 
preparation  for  studying  each  of  Parts  III  through  VI.  Specifically, 
the  entire  report  is  organized  as  follows: 

Part  I.  Formulation  and  Reformulation  of  the  Scattering 

Problem 

Chapter  1.  Introduction 

Chapter  2.  Manifolds  in  Euclidean  Spaces. 

Regularity  Properties  of  Domains 
[Summary  of  Part  VI] 

Chapter  3.  Motion  and  Retardation 
[Summary  of  Part  V] 


Chapter  4.  Formulation  of  the  Scattering  Problem. 
Theorems  of  Uniqueness 

Chapter  5.  Kinematic  Single  Layer  Potentials 
[Summary  of  Part  IV] 

Chapter  6.  Reformulation  of  the  Scattering  Problem 


Part  II.  Scattering  by  Stationary  Perfect  Conductors 
[Prerequisites:  Part  I] 


Part  III.  Representations  of  Sufficiently  Smooth  Solutions 
of  Maxwell's  Equations  and  of  the  Scattering 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3],  Sections  [1.4.1]  and  [1.5. 1—10 ] ] 


Part  IV.  Kinematic  Single  Layer  Potentials 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3] ] 


Part  V.  A  Description  of  Motion  and  Deformation.  Retardation 
of  Sets  and  Functions 

[Prerequisites:  Section  [1.1.4],  Chapter  [1.2]] 


Part  VI.  Manifolds  in  Euclidean  Spaces.  Regularity 
Properties  of  Domains 
[Prerequisite:  Section  [1.1.4]] 


The  section-  and  equation-numbering  scheme  is  fairly  self- 
explanatory.  For  example,  ”[1.5.4]"  designates  the  fourth  section  of 
Chapter  5  of  Part  I,  while  "(I. 5. 4.1)"  refers  to  the  equation  numbered 
(1)  in  that  section;  when  the  reference  is  made  within  Part  I, 
however,  these  are  shortened  to  "[5.4]"  and  "(5.4.1),"  respectively. 
Note  that  Parts  II-VI  contain  no  chapter-subdivisions.  "[IV. 14]" 
indicates  the  fourteenth  section  of  Part  IV,  "(IV. 14. 6)"  the  equation 
numbered  (6)  within  that  section;  the  Roman-numeral  designations  are 


never  dropped  in  Parts  II-VI. 


A  more  detailed  outline  of  the  contents  of  the  entire  report 
appears  in  [1.1.2].  An  index  of  notations  and  the  bibliography  are 
also  to  be  found  in  Part  I.  References  to  the  bibliography  are  made 


by  citing,  for  example,  "Mikhlin  [34]."  Finally,  it  should  be 
pointed  out  that  notations  connected  with  the  more  common  mathematical 
concepts  are  standarized  for  all  parts  of  the  report  in  [1.1.4]. 


DTIC 

C*ELECTEn 


Arrc^r:'* 

NT  I'.’  1 

DTtC 
Urifivo' 
Just  if io. 


f€K  CAM-  &r 


By- 


Distribution/ 
Availability  C0O03 
1  Av'--.  1 1  w’.'.i/ur 


(*/•  \ 

I  *  P  f 

‘  w  *  _ 


PART  III 


REPRESENTATIONS  OF  SUFFICIENTLY  SMOOTH  SOLUTIONS 
OF  MAXWELL'S  EQUATIONS  AND  SCATTERING  PROBLEMS 

[III.l]  ORIENTATION.  We  wish  to  provide  motivation  for 
an  ayiAatz  made  in  [1.6.1]  in  the  process  of  reformulating  the  scatter¬ 
ing  problem,  as  well  as  expose  the  natural  origins  of  the  functions 
which  we  have  dubbed  "kinematic  single- layer  potentials,"  by  deriving 
a  necessary  form  for  any  sufficiently  smooth  solution  of  a  sufficiently 
regular  scattering  problem.  This  representation  is  reminiscent  of 
those  already  familiar  from  the  theory  of  elliptic  partial  differential 
equations,  involving  (in  the  case  of  a  homogeneous  equation)  "boundary 
integrals,"  containing  a  fundamental  solution  of  the  elliptic  equation 
and  values  of  the  solution  being  represented,  along  with,  usually, 
those  of  various  of  its  derivatives,  on  the  manifold  over  which  the 
integrations  are  taken.  The  analogues  which  we  are  about  to  obtain 
for  the  case  of  a  hyperbolic  system  are,  in  some  respects,  more 
complicated,  due  to  the  completely  different  geometry  associated  with 
the  hyperbolic  case;  the  ideas  of  retarded  set  and  retarded  function, 
introduced  in  Chapter  [1.3],  closely  connected  with  the  characteristic 
cones  for  Maxwell's  equations,  play  a  central  role  in  the  derivation. 

It  is  interesting  to  observe  that  the  final  form  of  the  representation 
(cf . ,  (III. 9. 7,  8),  in&Xa)  is  precisely  that  which  is  obtained  in  any 


basic  text  on  electromagnetic  theory,  involving  scalar  and  vector 
potentials  (cf .  ,  e.g.,  Jones  [23]). 

It  should  also  be  noted  that  representations  of  smooth 
solutions  of  the  wave  equation  in  non-cylindrical  domains  can  be 
constructed  by  manipulations  similar  to  those  employed  here  for 
Maxwell's  equations;  the  result  in  this  case  is  a  direct  generaliza¬ 
tion  of  the  well-known  Kirchhoff  formula  (cf.,  Sobolev  [49]  or 
Baker  and  Copson  [2]) . 

Following  the  statement  of  a  simple  "advanced-calculus"  type 
of  result  (a  weaker  form  of  which  is  noted  in  Apostol  [1]),  we 
shall  develop  representations  of  sufficiently  regular  solutions  of 
the  nonhomogeneous  Maxwell  equations  in  the  open  sets  B°  and 
ft°  associated  with  a  sufficiently  smooth  motion  M.  Subsequently, 
we  shall  consider  the  special  case  of  a  solution  to  a  scattering 
problem. 

[111. 2]  lemma.  Let  ft  be  an  open  &&t  in  mn,  ion.  tome 

n  >_  2,  and  g;  ft  -»-K.  Suppo- 5C  that,  ion  iomc  i,j  e  {l,...,n} 
with  i  +  j,  gti  exliti  in  ft,  while  g.^  and  g,„  one  in 
C(f.).  Then  g  ±  exsiiti  in  ft  and  equal*  g,^. 

PROOF.  Cf.,  Appendix  III. A.  □. 

[111. 3]  PROPOSITION.  Let  M  be  a  motion  in  TM(2),  and 

Fl’  F2'  G1 '  a,IC*  G2  ^unc^-0,u>  *-n  c 4uc/x  that  F* 

F*  a »  Gi  a'  an<*  G?  a  <VL<1  a^4c'  * n  Suppae  iunthex  that 

^  -A-*4*  ^  >  44 


1  2,4J[X,t) 


J  1  2  rX,i’[Gl][X,t]"  2  £ijkrX,j[Fl][X,t)+  cr 
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+  — r 
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A'F^  /J 


crx  X, i  1  1,4  [X,tJ  crx  "ijk^X, j 11 1,4 J [X, t]j  3 


dX. 
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x,t) 

,j  £ijkEkpq^E  ^  [X, t ]' 


fl  ' 


[eH  ][x,t] 


1  **  4  »* 

i j  [^i/J  rv  _ rv  j  /.  1 


crx  ijk  kpq  X,jl  ’4  [X,t]  crx  X,i  ’4J[X,t] 
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+  crx  eipk[B’4] [X, t] J 

V3B(X, 
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■  0 

(X 

_i 
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4ttE  (X,t), 

(X 

dX, 


PROOF.  We  have  E1  €  C1®0)  .and  E* .  €  C(B°),  so  E* 


’Aj 


exists  and  equals  E*^  in  E°,  by  Lemma  [III . 2 ] .  The  corresponding 


result  for  B1  is,  of  course,  also  true.  It  is  then  permissible 


to  write,  from  (l)-(4) ,  noting  the  properties  of  F*,  F*,  G^,  and 


G2’ 


c  Ek  .Ib1  -  F1 
eijkE,4j+  c  B,44  "  F1 ,4 ’ 


k  _  1  i"  _  I 
ijkB,4j  c  E ’ 44  *2,4’ 


S 


E ’4 j  ‘  Gl,4- 


and 


B,/  .  =  G,  . 
’43  2,4 


in  B  . 


(7 

(8 

(9 


(10 


For  a  function  u  defined  in  IB 


recall  the  definition  of  the 


function  [u]  ^  in  the  2-regular  domain  B°(X,t)  =  E(X,t)° 

(cf. ,  [1.3.17.1]) ,  viz. , 

[u]rv  ^(Y)  :=  u(Y,  t-  -  r  (Y))  for  each  Y  €B(X,t)°. 

IX, tj  C  X 

Obviously,  various  properties  of  [u] ^ 
those  of  u.  For  example,  if  u  €  C*0B°), 

[u][X  tl  e  ^CBa.O^X}’),  With 

[u][x,t],i  =  [u’i][X,t]“  C  rX,i[u,4] [X,t] 

simple  consequences  of  the  chain  rule.  In  this  regard  r  ill  that 
X^B(X,t)°  iff  (X,t)  GB°.  In  particular,  we  may  apply  these 
statements  to  E1,  B*,  E*^,  and  B*^.  From  (l)-(4)  and  (7)-(10), 

we  see  first  that 

eijk[E’j][X,t]+  c  [B’4][X,t]  *  [Fl][X,t]’ 
eijk[B’j][X,t]"  c  [E’4][X,t]  *  tF2][X,t]’ 

=  [Gi][x,t]’ 

tB’j][X,t]  *  [G2][X,t]’ 
eijk[E^4j][X,t]+  c  [B^44][X,t]  "  [Fl,4][X,t]’ 

Eijk[B,4j5 [X,t]“  c  [E,44][X,t]  =  [F2,4][X,t]’ 

[Ej’4j][X,t]  =  tGl,4][X,t]’ 


can  be  deduced  from 
then  we  have  (at  least) 


in  BC  '°n{x}', 


4j  J  [X,  t]  L  2,4  [X,tJ  ’ 


each  holding  in  B(X,t)°.  Use  of  the  appropriate  form  of  (12)  in 
each  of  the  latter  equalities  produces 

eijkl£k  ][x,t],j+  c  £ijkrx,j[Ek4][x,t]+  7  [B’4][X,t]  =  [Fr][x,t]’ 


Q 

eijkfB  ] [X,t],j+  c  eijkrX,j tB,4] [X,t]"  c  [E’4][X,t]  *  [F2][X,t]’ 


t£j  ][X,t],j+  c  rX,j[E’4][X,t]  =  [Gl][X,t]’ 
(BJ][X,t),j+  c  rX,j[B^4][X,t]  =  [G2] [X, t] » 
Eijk[E*41[X,t],j+  7  EijkrX,j[E’44] [X,t]+  c  tB’44][X,t) 


[Fl,4][X,t]’ 


k  1  iC 

Eijk[B’4][x,t],j+  c  eijkrX,j[B,44][X,t]"  c  [E’44][X,t] 

=  [F2,4][X,t], 

lEV[X,t],j+  c  rX,j[£j’44]  [X,tl  =  [Gl,4][X,t]’ 


tB’4][X,t],j+  c  rX,j[B^44] [X,t]  *  [G2,4][X,t]’ 


in  B(X,t) 


Now,  from  (14), 


-7- 


1  .  kw. 

c  eijkrX,jlE’4J [X.t] 


CijkCkpqrX,j^B  ^ [X.t] ,p 
+  c  GijkEkpqrX.jrX,p[B’4] [X.t] 


-EijkrX.j[F21[X,t] 

EijkGkpqrX, j ^ [X.t] ,p 
+  c  rX, j  *B’4^ [X,t]rX,i“  c  ^B’4] [X.t] 


“EijkrX,j[F2][X,t] 

=  £ijkEkpqrX, j [^] [X.t] ,p‘rX,i 1 [X.t] , j 
"  c  [B’4] [X,t]+rX,i[G2] [X.t] 


‘EijkrX,jtF2][X,t]’ 


the  latter  inequality  following  from  (16);  with  this  relation,  (13) 
shows  that 

kC  q  j 

Cijk[E  ][X,t],j+eijkekpqrX,j[B  ] [X,t],p‘rX,i[B  ][X,t],j 


■fFl] [X,t]+rX,i[G2] [X,t]"eijkrX,j[F2I [X.t]  *  ° 


(21) 


in  B(X,t)  n{X}V 


In  like  manner,  it  is  also  found  that 


k  qC  jc 

:ijk[B  ][X,t],j“EijkEkpqrX,jtE  ] [X,t],p+rX,i[E  ][X,t],; 

■[F2][X,t]‘rX,i(Gl] [X,t]+£ijkrx,j[Fl] [X.t]  " 


(22) 


0. 


£ijkl  ’4J[X,t],j  ei^£kpqrX,jl  ’4 J  [X,t]  ,p"  X,i  ’4J(X,t],j 
“^l^lX.tl^X.i^^IX.tl^ijk'x.j^^lX.t]  "  °* 


and 


(23) 


£ijk[B,45 [X,t] ,j-EijkekpqrX,j [E,4] [X,t] ,p+rX,i [E,4] [X,t] ,j 

■[F2,4][X,t]"rX,i[Gl,4] [X,t]+£ijkrX,j[Fl,4] [X,t]  =  ° 
in  B(X,t)°n{x}', 

(22)  following  from  (13)-(15),  (23)  from  (17),  (18),  and  (20),  and 
(24)  from  (17)-(19) . 


(24) 


We  continue  by  deriving  further  relations  from  (21)-(24) : 

-2 

first,  multiplying  in  (21)  by  r„  ,  we  are  led  to 


fl  1 


2  EijklE  J[X,t],j“eijkEkpq(rxJ,  [B  ]{X,t],p'r(rxJ,ilD"J[X,t],j 
X  J 

“S  {  [F1]  [X,t]"rX,i[G2]  (X,t]+eijkrX,jlF2]  [X,t]}  *  °* 


[Bj] 


or 


1_  .JT, 

2  eijklL  J[X,t],j 
X 


EijkGkpq[B  1 [X, t]‘ 


[BP] 


’i 


[X,t]J , 


*  S  {  [F1] [X,t]"rX,i[G2] [X,t]+CijkrX,j[F2] [X,t]} 


'1  ' 


’JP 


eijkEkpq[Bq][X,t]  (,rx. 


’ip 


tBVtJ-°; 


here,  the  last  two  terms  on  the  left  are  equal  to 


-10- 


{L  Cipk[E,4][X,t]+  r  £ijkEkpqrX,j[B^4]  [X,t]"  rx  rX,i  tB,4]  [X,t]  }  , 


‘  rv  {[Fl,4][X,t]“rX,itG2,4][X,t]'('£ijkrX,j[F2,4][X,t]1 
A 

i  kc  fi  1  q 

Ei3klE’4l[X,trl-r-rXjJ,p  EijkEkpq[B’4]  [X,t] 

+  r~  rX,i  , . fB^4] [X, t ]  “  ° 

X  J 

in  IB(X,  t)°r'{X} ' . 


The  last  three  terms  on  the  left  here  can  be  rewritten  as 


1  rJc\  fi-  rJ  i 

2  rX,j  ijk[E’4J [X,t]  (rY  rX, jj , ,  B,4  [X,t] 

rx  x  1 

+  (^  rX,  j)  ,  j  tB’4]  [X,t]  +  (^  rX,i)  ,  .  [B’4]  [X,t] 

1  kC  1  i 

"  1  eijkrX,j[E’4][X,t]+  ~2  [B’4][X,t] 
rx  X 

=  *C  ^2  EijktEk  ] [X,t] , j+C  ~2  [F1] [X,t] ’ 
rx  X 

having  used  (13)  to  achieve  the  final  equality,  and  having  noted  that 


rx  rX,j 


"  ‘  ^2  rX,irX,j+  r ~  rX,ji  “  [rx  rX,ij fj  ’ 
X 


X  X,^’j  r2  X’^  X’3  rX  rX  r2 
X  X 


(since  rv  ,  -  2r“1) ,  in  H3n{x}’.  We  conclude  that 

x*  J  J  x 


c  \rx  ipk1  ’4J [X,t]  rx  fcijkfckpqlX, j [X,t] 

"  7^  rX,i[B^4] [X,t]},p+  ^2  [F1] [X,t] 

■  cr^  {lFl141[X,trrX,iIG2t41[X,t]+eijkrXtjl‘F2>41tX,t]1 
in  B(X,t)°MX}’. 


(27) 


We  can  retrace  this  argument,  rmitaXiA  rmitancUA ,  beginning  instead 
with  (24) ,  resulting  in 


*2  £ijk[B  1 [X, t] , j 
X 


eijkEkpqrX,j[E’4][X,t] 


1  Jl_  fRk  ,  1_ 

c  \rx  eiPklB*4JtX,t]‘  rx 

+  7^  rX,i[E’4] [X,t]},p+  ^2  [F2] [X,t] 

'  cr^  { [F2,41[X,t]+rX,i[Gl,41[X,t]~eijkrX,j[Fl,41tX,t]} 


in  JB(X,t) °n{x>'. 


Upon  equating  the  right-hand  sides  of  (25)  and  (27),  and  of  (26) 
and  (28),  we  arrive  at  the  important  relations 
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1  k 

~2  {rX,itG2] [X,t]"£ijkrX,j [F2][X,t]} 

rx 


+  77T  {IFl,4][X,t]'rX,i[G2,41tX,t]+EijkrX,j[F2,4][X,t]1 
A 

<1 


,j  Eljkekpq[B  ][X,t]‘ 


'1  ' 


[BP] 


’1 


[X,t] 


*  crv  eljkCkpqrX,j  [B,*4J  [X,t]+  cr„  rX,i [B,4] [X, t] 


1  r_k  . 

crx  Clpklt’4J [X,t] 


and 


1  k 

~2  {rX,iIGl][X,t]"eijkrX,j[Fl] [X,t]} 

rx 


‘  cix  { lF2,^][X,t]+rX,i[Gl,4)[X,t]‘EijkrX,j(Fl,4][X,t]} 

eijkekpqIE<l  5[X,t]-[^)  fitEP  ][X,t] 

1  qC  1  PC 

'  77^  eijkekpqrX,j[E’4](X,t]+  7^  rX,i[E’4][X,t] 


each  holding  in  B(X,t)°^{X} ' 


(29) 


(30) 


Now,  we  intend  to  exploit  (29)  and  (30),  in  conjunction  with 
the  divergence  theorem,  to  produce  the  desired  equalities  (5)  and 
(6).  According  to  [I . 3. 27 . vi . 2 ] ,  B(X,t)°  is  a  2-regular  domain, 


since  M  €  H(2)  and  (X,t)  €  B  Uft  .  Also,  3B(X,t)  is  compact. 
Then,  as  in  [1.2.43],  for  each  sufficiently  small  positive  e ,  the 
set 


B(X, t)°£  :*  {Y6B(X,t)°|  dist  (Y,3B(X,t))  >  e}  (31) 


is  a  1-regular  domain,  and  the  map  G  e:  3IB(X,t)  -*■  ]RJ  given  by 


G'£(Y)  :«  Y-e*vaB(x>t)(Y),  Y  €  3B(X,t), 


(32) 


is  a  1-imbedding  carrying  3B(X,t)  onto  3{B(X,  t)OE}  ,  with 


3{B(X,t)°e}  33B(X,t) 


0 (G~e)_1, 


(33) 


and 


lim  JG  £  *  1  uniformly  on  3B(X,t).  (34) 

e  -  0 


Suppose  first  that  (X,t)  €  fi°,  so  X£  fi°(X,t)  =B(X,t)’,  and 
(29)  and  (30)  hold  in  B(X,t)°.  Then,  for  any  sufficiently  small 
positive  e,  we  may  integrate  in  (29)  over  B(X,t)°e  and  apply  the 
divergence  theorem, T  which  results  in 


|  {2  {rX,i[G2][X,t]"£ijkrX,j[F2][X,t]} 

_  _  *■  XT 


B(X,  t) 


"  cr  {[Fl,41[X,t]“rX,i[G2,4I[X,t]+£ijkrX,j[F2,4][X,t]}}  dA: 


fBy  [I. 2.41.b] ,  B(X, t)0E 


is  a  normal  domain. 


3{B(X,  t)°E } 


UrxJ.j  ijk  kpq1  J  [X,  t  J  lrxJ  » ±  [X.t  J 


"  crY  £ijkekpqrX,j[B’4] [X,t]+  crY  rX,i [B^4] [X,t] 


1  .  kc.  \ 

cr  Eipk  E,4  [X,t]J 


3{B(X,t)0E}  3{B(X,t)0E} 


Consider  allowing  e  -*•  0  in  each  term  on  the  left  in  (35)  :  the 

integrand  of  the  first  term  is  continuous  on  B(X,t),  hence  bounded 

there,  and  it  is  clear  that  lim  X  QB(X,t)OE)  =  X_,QB(X,t)); 

e  -*>  0  J  J 

with  these  facts,  one  can  easily  show  that  the  limit  of  the  first 
term  as  t  ■*  0+  is  just  the  corresponding  integral  over  B(X,t). 

If  we  denote  the  function  within  the  brackets  in  the  integrand  of 
the  second  term  by  Fp,  we  can  rewrite  this  term  as 


3{B(X,t)OE} 


P  3{B(X,t)°E}  3{B(X,t)°E} 


(F  -vP 

P  3 

3B(X,  t) 


E'J®  '  "»«•'> 


F  oG~E  *vp  f  .. JG" 

p  oB  (X, t) 


3B(X,  t)  * 


3B(X,t) 


having  used  (33).  Now,  from  (32),  it  is  obvious  that 


the  identity  on  3B(X,t),  uniformly  on  3B(X,t);  since 


F  £  C(B(X,t)),  it  follows  that 
P 


lim  +  F  o G~e  -  F  |  3B(X,t) 


e  -*•  0 


uniformly  on  3B(X,t).  With  (34),  it  is  now  plain  that 


t  -*■  0 


3B(X,t) 


Fp°G  *V3B(X,t)'J6  dX3B(X,t) 


p 

Fp‘V3B(X,t)  dX3B(X,t)* 


3B(X,  t) 


In  view  of  the  latter  result  and  (36),  upon  allowing  e  -*■  0  in 
(35),  we  obtain  (5)  in  this  case  in  which  (X,t)  £  fi°.  Similarly, 
starting  instead  from  (30),  we  arrive  at  (6)  in  this  case. 


Assume  next  that  (X,t)  £  B°,  so  X  £  B(X,t)°;  (29)  and 
(30)  hold,  of  course,  in  B(X,t)°r'{x) ' .  Selecting  any  6  £ 

(0,  dist  (X, 3B(X,  t) ) )  ,  we  may  integrate  in  (29)  over  B(X,t)OErB^(x) 
apply  the  divergence  theorem,  and  let  e  -►  0+,  reasoning  essentially 
as  in  the  preceding  case,  to  derive  the  equality 


B(X,t)^B^(X)"'  X 


{7  (rx, 


i[G2]CX,t]'eijkrX,j[F2][X,t]} 


'  crx  {  [F1,45  [X,t]“rX,i[G2,41  tX.tJ^ij^XJ  tF2,4]  [X,t]}J  dX3 


3B(X,t) 


/  V 

rx  ,  Eijkekpq^B  ^ [X,t]~  rx,  , ± ^[X,t] 


:ijkEkpqrX,j[B,4][X,t]'t'  crv  rX,i[B’4]  [X,t] 
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"  cr  eipk[E,4] [X,t]}‘V3B(X,t)  dX 


3B  ( X , t ) 


I  (fe). 


.-\±\  [BP] 


J  UrxJ>:j  i jk  kpq 1  J  [X,t]  [rj  ,±l"  J  [X,t] 
3B*(X) 

~  ^  £ijkCkpqrX,j  [B^4]  [X,t]+  ^  rX,i[B^J[X,t] 


‘  cr  eipktE’4][X,t]}'('rX,p) 


dX  «  0. 

3B^(X) 


Now,  (37)  is  true  for  all  sufficiently  small  positive  6;  let  us 
examine  the  possibility  of  allowing  6  -*■  0+  there.  The  integrand 
of  the  first  term  on  the  left  in  (37)  is  in  L^(B(X,t)),  as  one  can 
easily  check,  so  we  can  construct  an  argument  based  upon  the  dominated 
convergence  theorem  in  order  to  prove  that  the  limit  of  this  term, 
as  6  -►  0+,  is  simply  the  corresponding  integral  taken  over  all  of 
B(X,t).  Proceeding  to  the  third  term,  it  is  easy  to  see  that  the 
limit  in  question  is,  in  turn,  equal  to 


a“V  J  {(rx  Eijk£kpq[B  ][X,t] 

3BB(X) 

-  7-]  [BP]  ,}(-r  )  dX 

'•rXi,i  [X.tJJ  X»P  3BB(X) 

51i”0+  .  ~2  {rX,irX,j[BJ][X,t]"rX,jrX,j[B  ][X,t‘ 


3BB(X) 


~  3B B(X)  X 
-rX.irX.JIBJl[X,t])  d\B3(x) 
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llm+  ~2 
6-0  6 


,  IBll‘X-tl  “»A 

9B^(X)  6 

(X) 


-4tt •B1(X,  t)  , 


(38) 


the  penultimate  equality  here  following  from  the  continuity  of 
[B*] j  at  X,  by  a  standard  line  of  reasoning.  With  these  facts 
in  hand,  we  can  in  fact  take  the  limit  as  6  -  0+  in  (37),  whence 
the  equality  (5)  results  in  this  case  in  which  (X,t)  GE0.  In  the 

same  way,  we  can  begin  with  (30)  to  derive  (6)  under  the  same 

assumption  on  the  position  of  (X,t).  □. 

[III. 4]  REMARK.  As  an  application  of  [III. 3],  let  M  €1M(2),  and 

suppose  that  {Eli,B;i}  C  C1(fll)  is  an  incident  field  as  in  [1.4.1], 
i  u 

SI  OR  being  an  open  set  containing  B.  If  we  also  assume  that  the 
restrictions  of  e)^  and  b)^  to  B°  are  in  C^QB°),  then 

(III. 3. 5  and  6)  hold  with  E1  and  B*  replaced  therein  by  E1* 

and  B1*,  respectively,  and  with  F*  ■>  F*  =  *n 

particular,  we  obtain  a  representation  for  such  an  incident  field 
at  each  (X,t)  €  B°,  in  terms  of  the  values  of  the  incident  field 
and  its  4-derivatives  at  the  points  of  3BHC_(X,t),  each  of  which 
has  its  4-coordinate,  or  time-coordinate,  less  than  t. 

We  next  provide  a  statement  in  the  exterior  setting  which 
is  an  analogue  of  [III. 3].  As  we  shall  see,  the  unboundedness  of 
each  set  fi°(X,t)  causes  a  modification  in  the  form  of  the 


representation  which  is  obtained.  In  the  interest  of  avoiding 
certain  technical  difficulties,  we  shall  present  a  simplified 
version  of  a  more  general  result  which  could  be  of  use  in  other 
investigations  (cf..  Remark  [III. 6],  infiaa) . 


[III. 5]  PROPOSITION.  Let  M  be.  a  motion  in  1M(2),  and 

i 


Fl'  F2'  Gi»  anc{  G2  6unc-t<-0lli  C(Q°~)  Audi  that  F*  u, 
F2  4'  G1  4'  G2  4  CL/Le'  <X/^i0  c^a~)*  Support  fiuAtheA  that 

E1  and  B1  ate.  eZementA  0j$  C1(na)iX(Q°~ )  Audi  that  E*4  and 
b^4  axe  aJLi>o  in  C1(r2°)^c(f2°“) ,  with 


.  Ek  ,  1  ,  Fi 

'ijkE  ’j+  c  ®*4  F1‘ 


E  Bk  I  Ei  .  Fi 

ijkB’j  c  E‘4  "  F2' 


J 


E’j  “  Gr 


and 


B’j  *  G2 


in  n  . 


Let  (X,  t)  e  3B°una .  Choc- be  p  >  0,  depending  on  (X,t),  ao  that' 


B(X,t)  c  Bp(x). 


Then 


Recall  that  £(X,t)  is  bounded. 


]  \  2  rX,il  2J [X,t]“  2  ljk  X, j 1  2J [X,t] 


nC(X,t)^Bp(X)  X 


[Fl,4][X,t]+  ^  rX,i[G2,4][X,tr  cix  £ijkrX,j[F2,4][X,t] 

Q 

{^2  [Bi][X,t]+  t  [3’4] [X,t]"  £ijkrX,jtE,4] [X,t] 

'  r\ 


0 


/ 

1 ' 

l 

x,t) 

lrxJ 

,j  £ijk£kpq[Bq][X,t]' 


'l  ' 


[BP] 


’i 


[X,t] 


'  ^  eijkEkpqrX,j[Bq4][X,t]+  crx  rX,i[B^4] [X,t] 

i  kc  Ip 

'  eipk[E’4][X,t]j  V3B(X,t)  dX3B(X,t) 


o  ,  li  (x,t)  e  B  , 

4TrBi(X,t),  li  (X,t)  €  n°. 


{  {12  rX,i[Gl][X,tr  2  CijkrX,j[Fl][X,t] 

AxW(X)  ^ 

P  ^ 

[F2,4] [X,t]+  cr~  rX,i[Gl,4] [X,t]~  ctZ  EijkrX,j [F1,4] [X,t]J  dX3 


[E  ][X,t]+cp  [E’4J  [X,t]+  CP  CijkrX,j  [B,4]  [X,t] 

'■r* 


dX 


X) 


3B3(X) 

P 


'1  ' 


’j 


£ijkEkpq^E  ^ [X,t] 


[EP  ] 


[X,t] 


3B(X,t) 
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k-V 


'  ' 


iM 


$ 


v: 


Hi 


3. . 


i  qc  i  pc 

cr^  eijkekpqrX,j[E’4] [X,t]+  ^  rX,i ^E’4^ [X,t] 


+  crx  £ipk^B,4  ][X,t]|  V3B(X,t)  dX3B(X,t) 


0  ,  (X,t)€B 

.  c 


(7) 


j  v 

4ttE  (X,t),  (X,t)  6  3.. 


PROOF.  We  shall  prove  (6);  the  reasoning  required  to  establish 
(7)  will  be  obvious  from  the  verification  of  (6).  Moreover,  many 
of  the  arguments  used  here  shall  be  merely  sketched,  similar  ones 
having  been  laid  out  in  detail  in  the  course  of  proving  [III. 3]. 


Using  (l)-(4)  and  the  regularity  hypothesized  for  the 
functions  appearing  there,  we  can  proceed  essentially  as  in  the  proof 
of  [III. 3]  to  show  that  (III. 3. 29)  holds  in  ft°(X,t)n{x) ' .  Since  Me 
11(2)  and  (X,t)  ei^Ufi0,  we  know  that  ft°(X,t)  is  a  2-regular 
domain,  whence  the  set 


ft0(X,t)C  :*  {Y  e  fta(X,t)|  dist  (Y,  3B(X,t))  >  e} 


is  a  1-regular  domain  for  each  sufficiently  small  positive  e, 


and  the  map  G£ :  3B(X,t)  -*■  given  by 


G£(Y)  Y+c,v3B(X,t)(Y),  Y  €  3B(X,t) 


(8) 


is  a  1-imbedding  carrying  3ft°(X,t)  ■  3B(X,t)  onto  3{ft°(X,t)£}, 


with 


Suppose  first  that  (X,t)  SB,  so  X  e  B(X,t)°,  and  (III. 3. 29)  holds 

in  all  of  ft°(X,t).  Taking  into  account  (5),  it  is  clear  that 

£2°  (X,  t)ErtB^(X)  is  a  normal  domain  for  each  sufficiently  small 
P 

positive  e;  upon  integrating  in  (III. 3. 29)  over  this  domain  and 
applying  the  divergence  theorem,  there  results 


I  { 


1  k 

~2  trX,i^C2^ [X, t]_E ijkrX, j fF2^ [X,t)} 


n°(x,t)cr,B3(x) 

P 


1  UfJ  Jfv  *,-rv  4[G,  J 


l^J41.rv  4^0  /.IfV  4.1^1 


crx  1 1  1 , 4 J [X, t ]  X,i 1  2 ,4 J [X, t ]  i jklX, j  “  2 ,4 J [X, t ] 


crx  ijk  kpq  X,jl  ’4  [X,t]  crx  X,il  ’4J[X,tJ 


1  .  kc.  \ 

"  cr  £ipk  E,4  [X,t] J  V 


3{n°(x,t)e}  3{fi°(X,t)E} 


Following  the  proof  of  [III. 3],  one  can  easily  evaluate  the  limits  as 
e  -►  0+  of  the  first  and  third  terms  on  the  left  in  (11),  using 
(8)-(10)  in  the  consideration  of  the  third  term.  In  fact,  letting 
e  -*•  0+  in  (11)  and  simplifying  the  second  term  on  the  left,  we  obtain 
(6)  in  this  case  in  which  (X,t)  £  B°. 


Next,  let  (X,t)  €  fi0,  so  that  XS  ft°(X,t).  Selecting 
any  6  €  (0,  dist  (X,3E(X, t))) ,  we  integrate  in  (III. 3. 29)  over  the 
normal  domain  ft0(X,t)e^B3(X)nB3(X)  '  for  any  sufficiently  small 
positive  e,  apply  the  divergence  theorem,  and  let  e  •*  0+, 
which  yields 

\  {^2  {rX,i[G2][X,t]'eijkrX,j[F2][X,t]} 

(x,  t)">B3(x)nB^  (x)" '  x 

P  o 

■  Cl“  <tFl,41[X,t]'rX,iIG2,4,[X,t]+EijkrX,jIF2,41(X,t])}  dl3 

+  \  {7  ">\x,0  +  h  tB"4,[X.tr  k  ‘iJk'-X.j'^V,]}  d>,B3( 


3B3(X) 

p 


3E(X,t) 


(H 


.  ijk  kpq  1  [X,t]  (rxJ  » ^  1  J  [X, t ] 


<>1.  .-i-  trPi 


crx  CijkEkpqrX,j ^B,4^ [X,t]+  crx  rX, i ^B *4^ [X, t] 
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*\V' 


LS'V 


s 


mm# 


5? 


i« 


'jCv 


.#2 


'  crY  £ipk[E’4][X,t]}  V3B(X,t)  dX3B(X,t) 


|  {^2  tBi][X,t]+  c6  [B’4][X,t]‘  cd 


eijkrX,jtE,4][X 


3BB (X) 


,1} 


dX 


8B^(X) 


0. 


(12) 


Letting  6  -►  0  in  (12),  evaluating  the  limits  of  the  first  and 
fourth  terms  on  the  left  by  arguing  as  in  the  proof  of  [III. 3],  we 


arrive  at  (6)  in  the  case  (X,t)  €  Q  .  □. 


[III. 6]  REMARK.  We  maintain  here  the  setting  and  notation  of 

i  „i 


Proposition  [III. 5],  supposing,  for  simplicity,  that  F^  =  F£  =  = 

x  0  in  Let  (X,t)  €  .  We  have,  in  (III. 5. 6  and  7), 

representations  for  Ei(X,t)  and  Bd(X,t)  in  terms  of  values  of 
E*  and  B*  and  their  4-derivatives  at  times  preceding  t,  viz.. 


at  the  points  of  3WiC_(X, t)  and  3Bp(X)*(t-  —•  p).  Thus,  if 


Ed  and  B*  are  known  on  n,  _  ,  for  some  t  ,  and  Ed,  Bd, 

(-"« t  J  o’  ’  * 


E^,  and  B^  are  known  on  3B,  and  we  suppose  that  t  >  tQ, 


then  Ed(X,t)  and  Bd(X,t)  can  be  expressed  in  terms  of  known 


quantities  by  simply  choosing  p  so  large  that  both  (III. 5. 5)  and 


t-  —  p  <_  tQ  hold.  This  observation  is  exploited  in  the  proof  of 


[III.  7],  in^HOi. 


To  amplify  the  remark  made  immediately  preceding  [III. 5], 


assume  that  Ed,  Bd,  E*, ,  and  Bd,  are  known  on  3B  and  on 


:■  x{to}’  and  We  to  exPress  E*(X,t)  and  B*(X,t) 

o  o 


-2 


in  terms  of  these  known  quantities,  where  (X,t)  €  with  t  >  tQ. 

An  inspection  of  the  proof  of  [III. 5]  shows  that  we  should  then  choose 

p  not  as  in  (III. 5. 5),  but  so  that  t-  —  p  =  t  .  For  this  value 

c  o 

of  p,  if  Q°(X, t) (X)  is  a  normal  domain  for  all  sufficiently 
small  positive  e,  then  we  can  derive  a  modified  form  of  (III. 5. 6 
and  7)  which  achieves  the  stated  objective. 


[III. 7]  COROLLARY.  Lit  M  bz  a  motion  In  ]M(2) .  Suppose 
that  E1  and  B1  oaz.  in  C1(n°)^C(na“) ,  with  E*4  and 
atio  in  C1(na)r>c(i2a~) ,  and 


E1  -  B1  =  0  on  (Q°  ) 


eJ4.E^.+  -  B*  =  0, 
ijk  »J  c  ’A 

-  °- 


(-00,0]  ’ 


EJ  =0. 
’j  ’ 


Bj, .  -  0 
J 


jui  n 


lit  (X,t)€B°UQa.  Thin 


J  ((ryJ  >  j  ljk  kpq  J[X,tj  { r  , .  1  J[X,tJ 
3B(X,t)  A  J  X  1 


crx  eijkGkpqrX, j ^B,4^ [X,t]+  crx  rX,i^B,4^ [x,t] 

1  .  kC-  \  P 

■  cr  eipk  E,4  [X,t]J  V3B(X,t)  dX3B(X,t) 


,  U  (X,t)  e  B, 


~4nB1(x,t) ,  li  (x,t)  e  n°, 


IH  «■ 

U*XJ»4  1 

V  t-'l  A  J 


-i-1  r«P 


3B(X,t) 


ijk  kpq  fX.t]  [rxJ ,±l  [X,t] 


[EK  ] 


1  qC  i  pC 

cr^  Gijk£kpqrX, j [E’43 [X,t]+  ^  rX,i[E’4] [X,t] 


cr  eipk1'B’4J  [X,t]  '  V3B(X,t)  dX 


3B  (X, t) 


,  16  (x,t)  e  B°, 


.  L. 

-4-frE1  (X,t),  li  (X,t)  e  nC 


PROOF.  For  the  given  (X,t),  choose  p  so  that  t-  —  p  <_  0 
and  (III. 5. 5)  holds.  (III. 5. 6  and  7)  are  true,  with  =  F*  =  = 

Gj  *  0.  Also,  by  (1)  and  the  choice  of  p,  it  is  easy  to  see  that 

[Elj[X,t]’  lBlj[X,t]’  [E^4][X,t]’  3nd  [B’45[X,t]  vanish  °" 

“j 

3B^(X)  C  ft°(X,t),  since,  for  example. 
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[E1] .  , (Y)  -  Ei(Y,  t-  -  d)  if  YG  3B3(X) . 

LX, t J  c  p 

Consequently,  (III. 5. 6  and  7)  lead  directly  to  (6)  and  (7),  respec¬ 
tively.  □  . 

[III. 8]  REMARK.  Again,  let  M  <=IM(2).  Suppose  that  u  is  a 
function  in  C2  (ft0 XX:1  (ft0-)  ,  with 

u  *  0  in  Q(-,0]’ 

and 

□  u  *  0  in  ft0, 
c 


tr 


This  is  an  example  of  a  setting  in  which  one  can  obtain  a  representa¬ 
tion  result  vZa.  manipulations  of  the  same  sort  as  those  already 
employed  for  Maxwell's  equations.  In  fact,  let  (X,t)  EbW. 

It  can  be  checked  that 


1_  .  1  .2 

r  ' lUJ [X,t] ,ii  ”  “  c 

A 


(rx  rX,i*tu’4][X,t] 


’i 


in  ft  (X,t)r{X}V 


with  which  one  can  easily  show  that 


i  1 

r  / 

i  4tt 

t 

7  *.  \ 

lrxJ 

] 


31B(X,t) 


’V3B(X,t)  [U][X’t]  ^  tU,V^(X,t)J[X’t] 


crX  X,v33B(X,t)  ^ 


dX 


33B(X,t) 


,  if  (x,t)  e  b°, 


u(x, t) ,  if  (x,t)  e  ft0. 


wherein  (•)*  denotes  differentiation  in  the  direction  of 

V3B(X,t) 

the  exterior  normal  on  3IB(X,t).  This  result  is  a  generalization 

of  the  well-known  Kirchhoff  representation  of  a  solution  of  the 

4 

wave  equation  in  the  exterior  of  a  cylinder  in  R  . 

[III. 9]  REPRESENTATION  OF  A  SCATTERED 

FIELD  BY  MEANS  OF  KINEMATIC  SINGIE 

LAYER  POTENTIALS.  Let  us  begin  here  by  supposing 

that  M  is  a  motion  in  ]M(2)  and  {e'^.B1*}  C  C^(ftl)  is  an 

incident  field,  as  in  [1.4.1],  such  that  also  (E*^,  b)*}  C  C^CP1); 

i  4 

here,  of  course,  0  C 1R  is  an  open  set  containing  IB.  Further, 
let  {E°*,  B°*}  C  c^(8°)fC(fl0  )  be  a  solution  of  the  scattering 
problem  generated  by  {E1*,  B1*}  and  M  for  which  it  is  also  true 
that  {E?J,  B?*}  C  C1(n0)nc(fi°') .  We  define  the  "total  field" 
{ET1,  BT1}  in  P.°*V  by 

ETi  :=  Ell+Eai  1 


BTi  :=  Bli+B0i 


in 


Writing  out  the  implications  of  Proposition  [III. 3]  for  the  incident 
field,  and  applying  [III. 7]  to  the  scattered  field,  we  can  combine 
the  results  to  arrive  at  the  following  relations  involving  the  total 


4ir 


J  v  U^J,.  EijkEkpq^  [X,  t] 


9B(X,  t) 


I  Tq 

“  £^l/Etn/nrY  -t  ^  «A  ^ 


+  —  rv  ,  [&  ] 


crv  eijkekpqrX, j  1  ’4  J[X,t]T  cry  ‘x.i1^  J[X,t] 


cr  eipk[B’43[X,t]} 


f  0 


4(X,t)  dX3B(X,t)  (X’t} 


if  (x,t)  e  b°, 


ETi  (X,t),  if  (X,t)€fiW, 


and 


1_ 

4tt 


,j  EijkGkpq[B  q][X,t]' 


’i 


[BTP] 


[X,t] 


3B(X,t) 

X  Tq  X  Tp 

*  CijkekpqrX,j [B’4] [X,t]+  77T  rX,i[B’A] [X,t] 


~  cr  Eipk[E,4  3[X,t]}  4<X,t)  dX3B(X,t)  +B  (X,t) 

A 


,  if  (x,t)  e  b  , 


BTi(x,t),  if  (x,t)  e  Q0nn\ 


(l) 


(2) 


It  is  our  objective  in  this  section  to  show  that,  if  the  motion  and 
the  scattered  field  in  n°“  are  "sufficiently  regular,"  then  the 


preceding  relations  can  be  rewritten  as,  respectively, 


-tW.jCX.t)-  -  l/{*  }  ,^(X, t)+E  (X,t) 


,  if  (x,t)  e  E  , 


Wl  J 

E  (X,t),  if  (X,t)  €  , 


eijk‘/{^k}’j(X’t)+Bll(X’t) 


if  (X,t)  € 


B  (X,t),  if  (X,t)  €  fl°.T2lf 


m 


wherein  the  functions  ¥  and  \p  on  33B  are  defined  by 


¥  :«  *ET^  |  SB, 


4*1  E1;jkvj,BTk|  3B  +uC*ETi  I  3B. 


In  particular,  once  (3)  and  (4)  have  been  established,  we  should  infer 


in  fl  . 


_Oi  oOr.kl 

“  •  Eijk1'  {*  }'j' 


Besides  (7)  and  (8) ,  the  equalities  (3)  and  (4)  provide  additional 
clues  concerning  how  one  should  proceed  in  attempting  to  achieve  a 
reformulation  of  the  scattering  problem  as  one  for  a  system  of 
integro-differential  equations.  In  Chapter  6  of  Part  I,  we 
exploit  the  guiding  information  contained  in  (3)  and  (4) ,  for 
precisely  this  purpose. 
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On  the  other  hand,  none  of  the  results  of  Chapter  [1.6] 
depends  for  its  proof  on  the  relations  established  here,  so  we  choose 
to  carry  out  the  verification  of  (3)  and  (4)  in  a  rather  informal 
manner,  although  it  would  not  be  difficult  to  formulate  our 
assertion  rigorously  as  a  theorem. 


We  shall  suppose,  in  addition  to  the  hypotheses  previously 
listed,  that  Eoi,  Boi  e  C1(fi°").  Since  3E  =  is  a  (3,4; 2) - 

manifold,  we  can  then  construct  an  open  set  Q°  containing 
and  extensions  E°*,  B0'*'  of  E0*,  Ba*,  respectively,  with 

E°^,  B°^  €  C^(S°).  Fix  (X,t)  G  and  let  U  be  an  open  set 

such  that  3B  C  U  C  n°r&1 t  but  (X,t)  ?  U.  By  setting 


IT1  (E,i+Eol)|  U, 

(B,i+Bal)|  U, 

1  Ti  Ti 

we  obtain  functions  in  C  (U)  and  coinciding  with  E  and  B  , 

respectively,  on  Moreover,  it  follows  that  U(X,t)  is 

an  open  neighborhood  of  3E(X,t),  and,  since  X?  U(X,t),  we  see 

that  [E^*]fY  ,  and  [B^*]r  ,  are  in  C^(U(X,t))  and  coincide 

lA,tj  l  A,  t  J 

with  [ET1]jx  tj  and  [BTijjx  tp  respectively,  on  (n°~^U) (X,t)  = 

n°(X,t)  ril(X, t) .  Directly  from  the  definitions  of  these  retarded 
functions. 


] 


] 


[X,  t] 

[X,t] 


r  p  r  1  1  i.  rill, 

1  ’£J[X,t]~  c  X,£l  ’4J[X,t]’ 

fBTii  i  r  fB^^I 

1  ’£J [X,t]“  c  X,£l  ’4J [X,t] 


in  U(X,t). 
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X  i  Ti 

Since  {E  ,B  }  satisfies  the  homogeneous  Maxwell  equations  in 

satisfies  these  equations  in  from  which, 

as  in  the  derivation  of  (III. 3.21  and  22),  we  can  show  that 

Q 

eipk[^  ^ [X, t] ,p"^ijkekpqrX, j  ^  ^ [X, t ] ,p~rX,i [E  P][X,t],p  =  °*  (11) 


Eipk[®  ](X,t],p'eijkEkpqrx,jtE  q  ] [X,t],p+rx,i[E  P  ][X,t],p  0  (}2) 


hold  in  Q  (X,t)/'li(X,t) ,  whence  they  are  also  true  in 
fi°(X,t)  n(i(X,t),  and  so,  in  particular,  on  £B(X,t). 

Next,  choosing  a  reference  pair  (R,X)  for  M  as  in  [1.3.25], 
following  [I.3.23.b],  we  define  and  on  3R>1R  by 

ETi(P,0  ETloX*(P,0  -  ETi(X(P,0,0  -  ET1(x(P,C) ,C) ,  (13) 


ITi(P,C)  :=  BTicX*(P,0  =  BTi(X(P,0,0  *  BTi(X(P,C),c), 


for  each  (P,0  e 


The  final  equalities  in  (13)  and  (14),  with  the  inclusions  t  , 
-Ti  1  OTi  OTi 

B  e  C  (U) ,  show  that  E,^  and  B,^  are  in  C(3R*H),  with 
eTJ(P,;)  =  ETJ(X(Pt5),0*xJ4(P,C)+ETJ(X(P,0,0, 


TrX,S  'A>4,(X,t)"‘;',<X,t> 


tB"ltx,t] 


][X,t],£*[X,4](X,t)0[X](X,t)}  ’ 


^[X,t] 


- - - —  •<iKJ]Cx.o0lxIci.o 

1+rX,s*[X,4](X,t)0[X](X,t) 
■[®Ti]tX,t],£‘[X,4](X,t)0[X](X,t)}  ’ 


on  3B(X,t), 


[X]-^  denoting,  of  course,  the  inverse  of  [X]^  t) :  9R  ^  3B(X,t) 

Returning  now  to  (1)  and  (2),  denote  the  integrals  appearing 

on  the  left-hand  sides  of  these  relations  by  I^(X,t)  and  Ig(X,t), 

XI 

respectively.  Upon  using  (19)  and  (20)  to  replace  [E,^]^ 


and  [%]{x  tj  on  3B(X,t),  we  can  write 


xE(X,t)  4i,  ,  {  r  ,. 


£'ijkekpq 


>ETq  iix.trig.,1^  ]ix.« 


3B(X, t) 


1+rx,s-[x’I,(x,t)olxl«,t) 


ijk  kpq  X, j 1  ’4  J (X,t)' (X,t)  X,iL~’4  J(X,t)  l'J( 

°Tk  -1  P 

"eipk[B,4](X,t)°[X](X,t)}J  V3B(X,t)  dASE(X,t) 


1_ 

4it 

3B(X, t) 


,  r'Tk,  r*Tq  , 

Eipk  B  ] [X,t],£"eijkEkpqrX,j [E  ][X,t 


+rX,il  MX,!],!1  r  c  , 

1+rX,s‘  ^X  ’4^  (X,t)°^X-*  (X,t) 


'V3B(X,t)  dA3B(X,t)' 


Introducing  the  function 


’(X,t)  4 


*  GX(.;X,t) 

*  tx,4](x.t)o[x](x,t) 

{1+rX,s' fX’41(X,t)0[X^(X,t)} 


3B(X,t)  , 


and  using  (12),  the  second  integral  on  the  right  in  (21),  which  we 

denote  by  I*(X,t),  can  be  rewritten  as 
& 


•  b 


3B(X,t) 


{Eipk[B  ]  [X,t],reijk£kpqrX,j[E  q  ][X,t] 


+tx,il6TP 


rx  #{G(x,t)  #v3B(x,t)~  p  G(x,t)  aB(x,tr  dXaiB(x,t) 


{cipktB  1  [X,  t  ]  ,rCijkekpqrX,j[E  q  ][X, 


3B(X,t) 


*VrJ 


[X,  tj.il  rx  ran*.  nps  (X.t)  31B(X,t)  3E(X,t) 


0  1 

One  can  show  that  G^x  €  C  (3B(X,t)),  since  we  are  given  that 

M  e  11(2)  ,  so  that  [X]”x  t)  e  C2(3B(X,t)  ;B3)  ,  X,4  S  C1(3Rx]R),  and 

T(*;X,t)  €  C2  OR) ;  cf.,  [1.3.27],  and  recall  that  (X.t)  €m°un0. 

£  ~  a 

Thus,  G^x  possesses  an  extension  G ^  ^  which  is  of  class 
C3  in  some  open  neighborhood  of  BIB (X.t).  Using  this  extension, 
we  can  continue  with  the  manipulation  begun  in  (23): 


'  -  h 


3B(X,t) 


~Tk  ~Ta 

emnJl^Cipk^B  ^[X.t]  CijkEkpqrX,  j  ^  [X 


+rX,i[§  P  ][X,t]>-  rx  Enpse(X,t)},£  V31B(X,t)  d*3B(X,t) 


e  c 
mnil  nps 


3B(X,t) 


{Eipk  r 


x  G(x,t)J,£‘[BTk][x,t] 


'eijkekpq(ix  rX,JG(Xit)),tlETq  1[X’t] 


fl_  rs  1  rFTpc.  1  m  hi 

’>  ‘  rX,i  (X,t)J,  *l  J[X,t]J  V3B(X,t)  3B(X,t)  ; 


an  application  of  Stokes'  theorem  reveals  that  the  first  integral 
on  the  right  in  (24)  vanishes.  Using  the  simplified  equality  (24) 


in  (21)  then  produces 


\  {fcl 


3IB  (  X ,  t ) 


e  c  [ETqC]  -1^}  [ETpC] 
eijkekpqlt  J  [x.t]  lrxJ,ilfc  [: 


1+rX,s'[X,4](X,t)°[X](X,t) 
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'{eijkekpqrX,j [^’4  l(X,t)°CX](X,t)“rX,i[E’4  ](X,t)D| 


"eipk^,4](X,t)°tX](X,t)  } 


(  fl  ~s  Tk 

{Eimk[rT  G(X,t)J,.[B  ][X,t] 


-C  6C 

pnZ  nms 


fl_  «s  1  ,  TqC, 

^ijk^mql^  TX,j  (X,t)J,£l  J[X,t] 


+{7^  rX,iG(X,t)),5[ETm  ][X,t]}}  V3B(X,t)  dX3B(X,t) 


We  shall  use  the  2-regular  transformation  [x]^x  .  taking  3R 

onto  3®(X,t),  to  convert  to  integration  over  3R  in  (25). 


Remembering  that 


rx0[xl(x,t)  "  CT(*;X,t)’ 


{l\s°W(X,t)>^4](X,t)}' -1-1-T;4(.;X,t). 


<(-;X,t) 


l-T;4(-;X,t) 
ct(* ;X,t)  ’ 


and,  for  example. 


l£Tj] [x,t]°lxl(x,t)  "  |E  \x,t) 

(cf..  Remark  [1.3.24]),  each  holding  or.  3R,  (25)  becomes 

IE(X>°  --h  |  {fc).  °[Xl(X.t)-EiJkekp,l?Tq  ’(X.t) 

2D  *  J 


-lrxj,i0[xl(x,t) 


.[£Tp  ] 


(X,t) 


pn£  nms^  imk[rx  (X,t)j,£ 


(X,t) 


(x,t; 


fl  -s  °TqC 

'CijkCkmql7^  rX,jG(X,t)J,£°lXl(Xft)‘lE  5(X,t) 


+(tx  rx,iG(x,t).,£otx](x,t)*lE  ](X,t) 


1  °Ta 

-  -  <(• ;x>t>,{£ijkekpqrx>j0[x](x,t)‘ fE,4  ](x,t) 


"rX,i0[X:i(X,t)‘[E,4  ](X,t)“£ipk[B’4](X,t)} 


'v3E(x,t)ofx](x,t)’J[xl(x,t)  dXaR  ' 


In  a  similar  manner,  using  (19)  and  (20)  along  with  (11),  one  can 


show  that 


Ig(X.t) 


1  I  °Tq 

^j,j0[X](X,t)‘eijkEkpq[B  ] (X, t) 


'^j’i0lX](X’t)  tBTPl(X,t) 


{Gimk(r  G(X,t)  ,  ° [X] (X,t) ' [E  ](X,1 


+e  .E 
pnl  nms 


+e  e,  [—  rv  ,G*  ]  0  [X]  ,Y  *  [BTq] 

ijk  kmq(rx  X,j  (X,t)J,£  (X,t)  (X,t) 


“  rx  rX,iG(X,t)),£°CXl(X,t)'[B  ](X,t) 


-  c  <(*;x>t)'{EijkEkpqrx,j0[x](X,t)'tB,4](X,t) 


r  i  rSTPi  ,  r2Tk 

rX,i°  X(X,t) *  B,4  (X, t)+£ipk  E’4 


TkC]  A 

’4  J(X,t);j 


3B(X,  t)  1  J  (X,  t)  -,l/'J(X,t)  dR  ■ 


For  the  further  development  of  (29)  and  (30) ,  we  observe 


that  [I.3.27.vi.4  and  5]  can  be  combined  to  produce 


3E(X,t)  J (X,t)  J  J (X, t) 


on  3R . 


Next,  since  we  have  supposed  that  {E01,B01}  is  a  solution  of  the 


scattering  problem  associated  with  M  and  {E^.B1*},  the  boundary 


conditions  are  fulfilled: 


j_Tk  c_Ti  A 

£ijkv  E  B  ■  °- 


on  3B, 


vJBT;i  =  0 


whence  it  is  clear  that 


ojgTk  ocgTi 
e  .  v  E  -u  B 
ijk 


on  3R*]R, 


v^BT;i  -  0 


and  so  also 


,  ojgTk  .  roc°Ti, 

Eijkv  E  ](X,t)"[u  B  ](X,t)  "  °* 


I?3§TJl(x,t)  ■  0 


on  3R . 


Since  M  €11(2),  we  know  that  v>4  and  u>4  exist  and  are  con¬ 
tinuous  on  3Rx]R.  Then,  we  may  differentiate  in  (34)  and  (35), 
which  leads  to 

,  ojOTkc,  ,oc°Ti,  _  oc  gii  oj  QTkC,  /0O, 

eijkv  E,4  ](X,t)"[u  B,4  (X,t)  u,4B  ^ (X,t)"feijkv,4E  J(X,t)’  (38) 


and 


roj|Tj,  _r.oj  I 

B  ’4  (X,  t)  J  *4B  J 


(X,t)’ 


(39) 


each  holding  on  3R.  Directly  from  the  definition  of  the  normal 
velocity, 

u(Z.O  :*  uj(Z,c)-X^(x“1(Z),C),  (Z.O  6  3B, 
it  is  easy  to  see  that 

S(P,C)  u(X(P,0,0  *  vj(P,C)-X^4(P.O,  (P,C)  €  3R**, 

from  which  the  useful  relation 


lSl(x,t)  *  on  SR- 


(40) 


follows.  Further,  let  us  denote  by  ^  a  function  which  is  of 

class  C3  in  an  open  set  containing  ?B(X,t)  and  extends  the  map 

iC  -1  1 

ZI-*.  (X,4](x  t)(Z)  (which  is  in  C  (3B(X,t))).  Then  we  can 

suppose  that 


G1 

(X,t) 


(X,t) 


1+rx,rE(x,t) 


(41) 


in  a  neighborhood  of  3B(X,t).  Note  that,  by  (22)  and  (27), 
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«kt)0(Xl(X,t)  -  G(X,t)°IXl(X,t)  ■  U-T.4<-'.x,t».[x^](x>t) 


on  3R . 


(42) 


From  (41),  using  also  (26)  and  (27),  one  can  easily  show  that 

,2 


^(X,t),£°tXl(X,t) 


U-r;A(-;X,t)} 


.c 

^T(V;X7t)_  {rX,j°fx](X,t)*  [xJ,4](X,t)} 


*rX,H0txl(X,t)*[X’4](X,t) 


{l-T;^(*;X,t)}i 


CT  I 


•  ( • ;X,t)  *[X,41(X,t)‘[X’41(X,t) 

-{l-T;4(*;X,t)}  • fx*4l(X>t)*rx,j0[X](x,t) 


(43) 


•"(X,t),£°tX](X,t)+{1-T;4(-;X't)} 

•*U,t),*°txl(x,t)  3R* 

We  now  use  (31),  (42),  and  (43)  in  each  of  (29)  and  (30);  following 
extremely  lengthy  and  rather  tortuous  computations  which  take  into 
account  (36)-(40),  as  well  as  (27)  and  (1.3.22.3),  we  arrive  at  the 
equalities 

.  .2 

,^c 

.  T  1 

(X,t) 


(  1~t  ;  <  ( • ; X,  t) }  .c  o  i°Tiv'  * 

rt  „  —  •<-^4x,«)-'s3e  J  •« 


8R 


c  t  (• ;X,t) 


-{l-t;4(-;X,t) }-{l-| U,41 (x,t) ^ 3} *rX,i° 1x5 (X,t) 


c  . 


•  [v^E^  •  JX ] 


(X,t) 


-t-{l-T;A(-;X,t)}-{rx>£o[x](x>t)*[X,4](x>t)+|  [X,^]  (x  i  3} 


-41- 


S4 


*l(£ijk°j®Tk+SC^Tl  )*}xl(X,t)}  dAJ 


1_ 

4tt 


{ 1— t ; , (• ;X,t) }' 


ct(* ;X,t) 


{"{F(X,t),£0[X](X,t) 


-{l-T;4(-;X,t)}-FPx>t),ji0[Xl(x,t)‘rX,p0[Xl(X>t)#[X,41(X,t)} 


ojgTk  ocgTic.  }Y1 

*  t^eijkv  B  +u  E  ^  *-'xJ 


(X,t) 


+rx,i°Ixl(x,t)-|8JSTJ  •Jx!(x,t)) 


rv  ,°[Xl 


(X, t) ,  j  1AJ(x,t)  X, j  tAJ(x,t) 


[°vPETi  -JX] 


(x,t) 


[X]/v  „\  *rv  4°  [X]  /v  ^*[SPETj  .Jx] 


(X, t) , 1  1  J (X, t)  X,j  1  (X,t) 


(X,t) 


+rv  ,°tx]/v  ^  ,°[X],v  ,.n*[°PET£  ‘JX] 


rX,lulAJ(X,t)  ‘(X.t),riAJ(X,t) 


(X,t) 


r(X,t),£°[X](X,t)‘[eUkvPB  ‘^X](X,t) 


+  ^X,j0lX^(X,t)-t8’4*eljk§Tk*5x3(X,t) 


+  7rX,j°IX](X,t),{[°*4*gTl  •Jxl(X,t)“l5»4#8Tj  *JX](X,t)} 


1  r/  oj°Tk.oc  gTi  v  ty-, 

-  c  1(EiJkV  B'4+“  -E'4  >‘JXl(X.t> 


-|'-x.i‘,Ixl(x,t)-[5P-8'f-}xl(x,t))  d': 


lg(X,t) 


{ 1-t • ;X, t) }" 


c2t2(* ;X,t) 


•{tX*4](X,t)+{1"T;4(*;X’t)}’{1"ilX^] 


4](X,t) '3}’rX,j°[X](X,t)} 


*^ijk£kpqV  B  +U  '£ijkL  ;‘JXJ(X,t)  "SR 


.  (1-t;  (*;X,t)}Z 

—  - - - -  { (F  o  Fxl 

^  ct (• ;X, t)  (X, t) , l  1  J(X,t) 


rX,m° [X^ (X,t) " (X»t)^ 

•rX.j°1,<1(X,t)-1<ei3k£kpq?,>8Tq+8C-tijk8Tk  ’^’(X.t) 
'f(X,t),e°[Xl(X,t)‘[Cilk''P^  ■■’x!(x,t)  <4 

-f<x,t),i°[xl(x,t)-rx,J0[xl(x,t)-l5'’ST3-3xI(x,t) 
+t(x,t),t0[xl(x,t)-rx,«0lxl(x,t)->5P?T1-jx](x,t) 


°lx],v  „-tv  ,°[X],V  .,-[SPBIX.Jx] 


(X,t),t  1A,(X,t)  X,l  (X,t) 


(X,t) 


1  r  oj  §Tkc  ,  .1  roc  °Ti  i  , 

c”  EijkV’4E  *Jx](X,t)  c  [u’4B  ,Jx](X,t) 

+  7  rx,i0lxl(x,t)'l8P4iIP4xI(x,t)+  7  rx,j0[xl(x,t) 

•t(Eljk£kp,?P^4+SC'eijk^4  >-«(X,t)>  dSu  • 


On  the  other  hand,  in  view  of  (5),  (6),  the  properties  of 
gTi^  v1,  and  u  on  9R*F,  and  the  inclusion  M  €]M(2),  from 

[1.5.10]  it  is  clear  that  Vf1?}  and  are  in  C1(B°'~toa) ;  the 


partial  derivatives  of  these  functions  can  be  calculated  from 
(IV. 14.1  and  2),  in  which  the  appropriate  partial  derivatives  of  k 
are  given  by  (IV. 3. 14  and  15).  Accordingly,  we  find 


;4(* ;X, t)}  oi°T1C  " 

~7v77TT  t)  *{"[x’4](x,t)*[v  E  *Jxl(x,t) 

CT  V  »A,  W 

T ; 4( -  ;X, O ) - { 1-|  t**;4l  (x  t,  \  3} - rx> ±o IX 3 (x  t)  -  tS JSTj 

'  ;4('  (X'(X,t)'^X’4I(X,t)+l  ^X’4'(X,t)U 

ojgTk  ocgTiC,  *T  ,  . 

ljkv  B  +u  E  )*Jxl(Xft)}  dXdR 


{1-T;, (• ;X,t)} 

- 5 -  * { { 1-T ; , (• :X,t)}*r  0 [x ] 

CT(.;X,t)  4  X’£  (X’C 


44](X,t)‘{rX,i0tX3(X,t)*tvjE  j  ‘3XW) 

Ijk5W‘C)-i«lait)) 

i‘»Xl(X,t)-[(A  ^  '■’X),41(X,t) 


ojSTk  ocgTi  .  *  ,  , 

Cijkv  B  ^  E  Wx)’4](X,t)}  dX3R  » 


'ijk^*  }’J(X»t) 


{l-T;,(*:X,t)}  .c 

2  2  '  '  “  *{  [X’4](X,t)+{1-T;4(';X't)} 

p  CT  \  J 


•UX'J 


}*rv  .0 [x] 


4 J (X, t)  3  X,j  1  J(X,t) 


opgTq  oc  gTk  .  ;  ,  .. 

v  B  +v  E  )  *  Jx  J ,  „  .>  d\  _ 

ijk  kpq  ijk  (X,t)  SR 


i  f  ^ 1-T ; A<  * ;X, t) } 

47  j  2  .  .  ;X»t) 

C  T(-;X,t) 


(47) 


,l(eijkekpqSPSIq+8C-eiJk8Tk  )-5xl(X.t)+rX,J°lXl(X,t) 
'  [((£ijk£kpqvPB  q+u  ‘eijkE  ^X)  *4^  (X,t)  }  dX3R  * 


Of  course,  we  wish  to  demonstrate  that  the  expressions  appear 
ing  on  the  right  in  (44)  and  (45)  are  respectively  equal  to  the 
right-hand  members  of  (46)  and  (47).  We  shall  do  this  under  an 
additional  regularity  assumption  concerning  the  motion:  it  is 
already  known  that  3R*R  and  3E  are  (3, 4; 2) -manifolds,  while 
(P,0  I-*-  X*(P, C)  :*  (X(P,£),c)  is  a  2-imbedding  which  carries 
3R*]R  onto  3B,  with  inverse  given  by  X*  ^(Z,^)  ■  (X  *(Z),C)» 
for  (Z.O  €  3B .  Moreover,  I x  1 3  1.  c*  on  3R*1R.  Let  us  suppose 
now  that 

(i)  X  ■  x|  3R*B  for  some  X  £  C  (U*]R) ,  where  U  is 
an  open  neighborhood  of  3R; 

(ii)  the  map  (Z,OH-  X^(Z)  on  31B  is  the  restriction  of 
some  X  1  €  C^(U),  where  U  is  open,  with  3E  C  U, 
but  (X, t)  £  U; ' 

(iii)  the  function  (?fO  !-*■  (X(P,0,0  is  a  bijection  of 


Wall  that  (X,t)  €B°U}a. 


U*It  onto  0,  with  inverse  given  by  (Z,£)l- 
(X^CZ.O.C),  (Z,?)  €  Q; 


and 


(iv)  |X,4l3<.c*  in  Uxfc. 


To  make  use  of  these  hypotheses,  we  note  first  that  (iii)  clearly 
implies  the  relations 

X(X_1(Z,0,£)  -  Z  for  each  (Z,0  €  U, 


and 


X  1(X(P,5),C)  *  P  for  each  (P.O  £  IKR, 


so  that,  with  the  smoothness  required  in  (i)  and  (ii), 

xJk(x'1(Z,;),0-x'1,j(Z,0  *  6*  for  each  ( Z,C)  €  U, 


and 


X  ,k(x(p,0,0-x,4(p,c)+x  a,4(x(p.O,0  =  0 


for  each  (P,C)  £  U*!R. 


From  (50) ,  there  follows 


X^CP.O'X*1,  (X(P,c),C)  -  for  each  (P,c)  £  3R*R, 


and  so  also 


x;kCP,t-T(P;X,t))-X  ,  (X(P»t-T(P;X,t)) ,t-T(P;X,t))  =  6‘ 


for  each  P  £  3R. 


Upon  recalling  that  t(P;X,t)  *  —  rx^x^(x  t)^^’  we  See  t*iat  (52) 


can  be  rewritten  to  give 


f*’k](X,t)*fx  ’j] [X,t]°[x](X,t)  "  6j  °n  (53) 


Similarly,  from  (51)  we  can  derive  the  relation 


'-r i 1  k  -ri1 

tX  ’k][X,t]°[X:1(X,t)'lX’4](X,t)+[X  ’4][X,t]°tx](X,t)  '  °  °n  9R*(54) 


Next,  it  is  clear  that  we  can  use  hypothesis  (iv)  to  define 


an  extension  T(*;X,t):  U  -*■  H  of  t(*;X,t):  3R  K  implicitly 


v-ia.  the  requirement 


rx(x(P,t-T(P;X,t)))  =  ct(P;X,t)  for  each  P  €  U; 


the  reasoning  here  is  essentially  the  same  as  in  the  original 


construction  of  t  in  [1.3.14],  (iv)  serving  to  show  that  the  map 


C  -*■  —  r„(x(P,t-c))  is  a  contraction  on  [0,®)  into  itself,  for 
c  X 


each  P  €  u.  Now,  observe  that 


X  *  [x](x,t)(&)’ 


wherein  we  have  defined  [x]  ^  U  -*•  B  by 


[X](x,t)(p)  :=  x(p,t-^(p;X,t))  for  each  P  €  u. 


Indeed,  if  we  suppose  that  X  ■  X (px> t-i (P^jX, t) )  for  some  px  €  u, 


then  (55)  shows  that  t(P  ;X,t)  =0,  so  X  =  X(P  ,t),  which  implies 

A  A 

that  (X, t)  €  U,  violating  (ii).  Then,  (56)  and  the  implicit 

function  theorem  can  be  combined  to  produce  the  inclusion  i(*;X,t)  € 
2  - 

C  (U) ,  after  which  a  simple  calculation,  starting  from  (55),  can 
be  carried  out  in  order  to  verify  that 


t,  (• ;X,t)  =  - 
l  c 


rX.k°^](X,t)‘^,i](X,t) 


1+rX,Jl0C*](X,t)’^,41(X,t) 


on  U, 


with  tx*4J(X  t)  and  [X^](X  being  defined  on  U  just  as 
[X](x  is  defined  by  (57).  Since  it  is  plain  that  X,^  =  X,^ 
on  3R*1R,  we  conclude,  with  (27),  that 


T,1(-;X,t)  -  c  ;X, t) >  *rx  ko [x] (x  t) ' [X,±] (x  t)  on  3R .  ( 


¥.i 


We  can  now  easily  construct  a  smooth  extension  of 


iC  -1 

the  function  [X»4](X  t)°^(X  t)  t0  3  nei8hb°rhood  °f  3B(X,t): 

,  using  the  notation  [x  1]  rv  „■.(')  :■  X  1  ,  (*) 

1  ’  J  t-  t  rv(*) 


first 


of 


c  X' 


,-l 


-1, 


[1.3.20]  and  the  equality  [x]^x  *  [X  ]  ^x  t-j  established  in 

[1.3.21.1],  we  have 


[x>«,t>(2)  -  Ix'Vtl®  X'1  1  <2>  •  x'1'2-'-  7  rx(2)> 

t_  c  rXU; 


for  each  Z  6  3B(X,t), 


-1 


so  that  the  function  [X  ]  rv  , :  U(X,t)  -*•  U  defined  by 

l  A,  t  J 


[ X J  r y  x  ~  ry (Z) )  for  each  Z  €  U(X,t) 


(t 


lies  in 


note 


C2(U(X,t))  and  provides  an  extension  of  fxl(x,t); 
here  that  X?  U(X,t),  since  (X,t)  ?  U .  Meanwhile,  the  map 

--fc  ~  ic 

pi-  [x,A](Xjt)(P)  :=  xt4(P,t-T(P;x,t)),  pe  u, 

extends  [X , 4 ] from  dR.  Consequently,  we  may  set 

f(x.e)(z>  -  <><x,t)»l^1>[x,t]<z)  foreach  zsfi(x-t)'  <62> 

to  obtain  F*x  t)  €  C1(U(X,t))  extending  [X^] (X>t)° M (x,t) 
smoothly  to  a  neighborhood  of  31B(X,t).  In  view  of  (61),  we  can 
compute 


F(X,t),e  *  [X’4](X,t),m°[X  i][X,t]’fX  ][X,t],£ 


rCP 


-1, 


-1 


m 


[x’4](X,t),m°[X  X] [X,t]‘{ [X  ’H][X,tl"  c  rX,i‘[X  ’4][X,t]} 


-1 


-1 


m 


-1 


m 


on  U(X,t), 


so,  noting  that  [X  AJ [x  t]  =  [X](x>t)  on  >  and  using  (54), 


F(X,t),£°tx](X,t)  "  [X’4](X,t),m’{Cx  1>£][X,t]o[xl(X,t)+rX,£°tXl(X,t) 

n  kC 

’k]tX,t]0[x](X,t)‘[X’4](X,t) 


m 


tx  rx  ti°^x^Y  «-\ *  tx 


on  9R. 


Now,  making  use  of  (59), 


z  < 


-49t 

IX'41(X,t),iii  "  (X’4B1(X,t)",,m<‘iX’t)'I:<-441(X,t) 

‘  lS-L1(X,t)-J<1-X:4<-!X't))-rX,J°txl(X,t) 

•iiU(x,o,|<C'a,t)  °n  3R: 

upon  inserting  this  result  into  (63)  and  accounting  for  (53)  and 
(27),  we  obtain  finally 


FP 


m 


(x,t),£o[x](x,t)  “  Ixvj(x,t)‘{lx  ’£][x,t]o[x](x,t) 


-l 


m 


+rX,£°[X3(X,t)‘{X  ’k3 [X,t]ClXl(X,t) 

*CX^](X,t)}_  c  {1“T;4(‘;X,t)}‘ [)<1’441(X,t) 
•rX,J0|Xl(X,t)-<SH'rX,t°IXl(X,t) 


lX’4](X,t)} 


-1 


m 


[*’4m3(X,t)'{[X  ’Jt3[X,t]°[x3(X,t) 


+rX,£° [X] (X,t) * lX  l'k] [X,t]° [X] (X,t) 
*[X^4](X,t)}~  c  [X’44](X,t)'rX,£°tXl(X,t) 


m 


(64) 


on 


SR. 


rO  -I 

We  next  take  up  the  explicit  computation  of  lv (x, t) ’ 
[S*4](x  t,»  and  [(^x)’4](X,t)  °n  3R*  For  this,  we  first  define 
3 

:  SRxR  -*•  ]R  v<. a 
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N1(P, C)  :=  EijkX^(P,OTj(P)-X^m(P,OT2(P) 


for  each  P  G  9R,  ;  €  E, 


wherein  T^,  T2:  3R  -*■  TR  are  constructed  so  that  (T^P)  ,T2(P) } 
constitutes  a  basis  for  T^(P)  whenever  P  6  dR.  Then  N(P,c) 
is  clearly  in  N.„  (X(P,?))  for  (P,?)  €  3R*3R,  and  we  can  suppose 

that  and  T2  have  been  adjusted  so  that  N(P,c)  is  an  outer 

normal  to  38^  at  X(P,0.  Thus, 

^(P.C)  v1(X(P,0,0  =  ,  for  (P.O  €  3Rx]R.  (66) 


Moreover,  it  is  easily  seen  that 


|N(P,5)L 

Jx(P’°  JX4(P)  *  |Tl(P)xT2(P)|3  ’ 


for  (P,C)  e  3R>dR.  (67) 


From  the  properties  of  X,  it  is  certainly  true  that  N,^  e 
C(9RxR^R^).  Since  |n|3  *  N^N-* ,  we  find 


1*1, .«  ' 


whence,  from  (66)  and  (67),  respectively, 

oi  **’4  oj  oi 

v’*  =  ]s[7  -  •  HIT  -v  ’ 


(Jx),; 


IVt2!3 


Further,  from  the  equality  8  »  v^*X^, 


U’4  *  V,4*X’4+V  X*44  • 


Thus , 


foci.t)  ,.J.  1^4 

im(Xjt)i3  _Iv  (x, t) *  rm 


[N'41«.t)  .ol. 


(x,t)’ 


t(Jx),4](X,t) 


$i}  .  -[N,*]<y> 


■4  ,  C  Q 

[8-4>(X,t)  ■  [8-4l(x,t>-IX-4W>+t?V,t)-<4>(X,t>-  (73) 

Evidently,  we  must  examine  ^»4^(x  ^or  PurP°se,  we  rewrite 


Ns  from  (65), 


*  e  XJ  •T^*Xk  »Tm 
N  CijkXH  T1  ’m  T2 

*  —  {e  *T^ -Xk  «Tm-r  Xk  •T*'.x^  .Tmi 

2  tEijkX’£  T1  X ’m  T2  £ijk*’£.  T1  X*m  T2} 

,  i  r  rr  c  :3  ,T£_m 

2  ijk1  n£m  nqsX ’qX *s^TlT2 

’  I  eljkenqsX^qX^s*EnEmTlT2  °"  3M- 


Consequently , 


^’4  2  *EijkenqsX,4qX,s+£ijkCnqsX^qX’4s}£n£mTlT2 

=  eijkCnqsX’4qX^s,£n£mTlT2  0n  3R><R’ 


from  which 
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|8*4'(X,t)  '  Ei3kcn,.t*’4q1(X.t),I*’.](X,t)‘cntoTlT2  3R’  <?6) 


We  shall  show  presently  that 


enqs^,s5(X,t)‘en£mTlT2  "  ek£m fX  ’m]  [X,t]°  [X]  (X,t)  '  ^(X,t) 


on  9R . 


Assuming  for  now  that  (77)  has  been  established,  we  can  combine  it 
with  (76)  to  obtain  the  desired  result 

[^*4](X,t)  *  eijkCk£m[^4q](X,t)‘[X  ’m]  [X,t]°  [X]  (X.t)  ' ](X,t) 
*  [X’4q](X,t)‘[X  *£]  [X,t]°[X:l(X,t)'[^  ](X,t) 

'[X,4q](X,t)*[X  ,i1[X,t]°[X](X,t)’[^  }(X,t) 


on  3R. 


With  the  introduction  of  this  result  into  (71),  (72),  and  (73),  a 
bit  of  manipulation  finally  yields  the  respective  equalities 

"  "[°tl(X,t)',ii’«qI(X,c)'tX  •i1[X,t]°[Xl(X,t) 

l‘j»*4>(X,t)  ’  ,X’*q'(X,t)',X  ’l1[X,t]0[X,(X,t)',ixl(X,t) 

-'S‘l(x,t)-‘;i4,I(x>«)-'*:i’.1tx,tlOIX1Cx,t) 

•!5">(X,t)-lixl(X,t)- 


*4  (X,t)  1  (X,  t)  4q(X,t)  *m  [X,t]  (X,t)  lA,4J(X,t) 

+[°£](X,t)‘tX’4q1(X,t)'[X  1’m][X,t]°fXl(X,t) 

*  [™]  (X,  t)  [°C]  (X,  t)+[°  j  ]  (X,  t)  *  [X^44]  (X,  t)  ’ 


on  3R . 


Let  us  return  to  establish  (77):  we  begin  by  recalling  that 
if  (a*)  is  a  3x3  matrix,  then 

{det  (ap)}  •  e.  *  e. a**a^*ak, 
q  Jlmn  ijk  i  m  n’ 

while,  if  the  matrix  is  nonsingular,  its  inverse  (a*)  is  given  by 

i  1  m  n 

i  2-  det  <ep>  lk*  J””  k  1 

q 

cf.,  McConnell  [31].  Then,  from  (53)  and  the  companion  result 


IX  ’k][X,t]°lx](X,t)*[X’j](X,t)  “  6j  on  3R’ 


following  from  (49),  we  infer,  with  (83),  that 


lX  ’m1[X,t]°IX](X,t) 


2’  det  (fX,e](X,t) 


~d  ,  v  eqijEmnu^X,i^(X,t) 


[XV(X,t)  on  3R* 


Using  the  latter  result,  (74),  and  (82), 
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"V 

V 

V- 

ry 

w 


ft 


S’ 

V 


>. 


i-> 


a 


i 


1 


t 


Ek£mfX  ’m5[X,t]0[X](X,t)‘^  ](X,t) 


€  e  . .  [X, .  ] 

I r  0  +r>  wn  ii  ni  i  v  *  4  . 


[X“  1, 


2-  det  rrid  1  )  k£m  mnu  qij  ’i  (X,t)  ’jJ(X,t) 

d  C  UX’eJ(X,t); 


2  e£vwersp[X,s](X,t)‘ [X,p](X,t)‘ErabTlT2 


Oit,.,  tX  »  .  ] 


ixij 


A*  det  ([X?e](x#t))  rSP  lA’jJ(X.t) 

* tX,s](X,t)" [X,p](X,t)'e£vW[X’i1(X,t)‘ [X’j](X,t) 

‘^’s^X.t)*  IX,p](X,t)}erabTlT2 

*  4  {eqijerspejsp[X*i](X,t)'£qijerspeisp[XV(X,t)}erabTrr2 

"  4  Ueqir[xl’i1(X,t)'2EqrjlX’j1(X,t)}erabTlT2 

"  £qirtX’i1(X,t)*erabTlT2 

*  erqilX,i](X,t)*erabTlT2  on  3R’ 
which  is  just  (77). 

The  results  (64)  and  (79)-(81)  enable  us  to  complete  the 
proof  of  the  original  claim.  In  fact,  by  using  (64),  (79),  and 
(81)  in  (44)  and  (45),  and  (79) -(81)  in  (46)  and  (47),  one  can 
show  that  the  expressions  on  the  right  in  (44)  and  (46)  coincide, 
and  that  those  in  (45)  and  (47)  are  identical,  as  well;  for  the 
verification  of  this  statement,  we  once  again  employ  (36),  (37), 
and  (1.3.22.3).  However,  the  details  of  the  demonstration  are  quite 
tedious,  offering  no  features  of  interest,  so  we  omit  them. 


We  have  shown  that  (3)  and  (4)  obtain,  at  least  in  some 
case  in  which  the  motion  and  the  scattered  field  are  sufficiently 
regular,  which  was  our  stated  goal. 
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III. A.  APPENDIX 


PROOF  OF  LEMMA  [III. 2] 


LEMMA.  Let  Q  be.  an  open  &et  In  ]Rn  ion  tome  n  >_  2, 
and  g:  fi  -*K.  Suppose  that,  fiox.  Acme.  i,j  g  {i,...,n}  with 
i  #  j,  e.xi*tA  in  o,  w/tc£e  g,^  and  g,^  a*e  C(n). 

T/ten  g,^  extit6  in  n  and  e.quati  g,^. 

PROOF.  The  summation  convention  is  suspended  for  this  proof. 

Choose  x  €  ft..  Let  a  >  0  be  such  that  the  open  cube 

(x*-a,x*+a)x . . .x (xn-a,xn+a)  C  Q .  Set  I  :=  (-a, a)  C®.  Whenever 

a 

5  €  3R,  we  define  ^  G  ®n  by  taking  :■  £6^;  €  ]Rn  is 

defined  similarly.  Let  A:  I  kI  +K  be  defined  by 

d  3. 

A(s,t)  g(x+si+tj)-g(x+si)-g(x+tj)+g(x)  for  s,t  G 

(since  i  j*  j  ,  A  is  well  defined).  Further,  we  define  the 

function  A..:  I  xl  -*■  K  by  setting 
ij  a  a 

Aij(s,t)  :■  g(x+si+tj)-g(x+si)  for  s,t  e  Ifi. 


Clearly, 


A(s,t)  =  Aij (s,t)-Aij (0,t)  for  s,t  G  Ifl. 


Suppose  that  s  and  t  are  in  I  with  s  #  0,  t  #  0.  Then 


.N  .%  . 


(3) 


(4) 


A^  (s.tJ-A^  (0,t)  =  ^(tj.t) 

=  s«{g,i(x+s(t)i+t^)-g,i(x+s(t)i) } 
*  sfg,,.(x+s(t).+t(s(t))^.) 


for  some  s(t)  between  0  and  s  (and  depending  upon  t)  and 

some  t(s(t))  between  0  and  t  (and  depending  upon  s(t)); 

we  have  applied  the  mean-value  theorem  to  the  differentiable 

functions  A. .(*,t)  and  g, . (x+s(t) .+( •) .)  on  I  .  Using  (3), 
ij  i  l  j  a 

(4),  and  the  continuity  of  g,..  in  ft,  we  obtain 


g. 


ij 


(x) 


lim  lim  g,  .(x+s(t)  +t(§(t)) .) 
s  -*•  0  t  0  2 


lim 
s  -*■  0 


lim 
t  0 


A(s,t) 

st 


(5) 


(in  which  lim  lim  can  be  replaced  by  either  lim  lim 
s  ->•  0  t  -*•  0  t  0  s  0 

or  lim  ).  Next,  define  A..:  I  *1  -*•  K  via. 

(s,t)  -  (0,0)  jl  3  3 

A^i(s,t)  :=  g(x+s1+tj)-g(x+tj)  for  s,t  e  (6) 

Then 


A(s,t)  *  A . , (s , t)-A  . (s ,0)  for  s,t  £  I 
J 1  J 1  2 


(7) 


Again  for  non-zero  numbers  s  and  t  in  I  ,  we  can  apply  the 

d 

mean-value  theorem  to  the  differentiable  function  A..(s,*)  on 

Ji 

I  to  write,  for  some  t(s)  between  0  and  t  (and  depending 

a 

upon  s). 
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A^i(s,t)-A^i(s,0)  *  t*£  2^s*^s^ 

-  t*{g,j(x+si+t(s)^)-g,j(x+t(s)j)} , 

whence  the  continuity  of  g,^  in  ft  gives,  with  (5)  and  (7), 

g,  (x)  -  lim  lim  A— 

J  s  -  0  t  -  0  SC 

-  lim  lira  —  {g,  (x+s .+t (s)  )-g , . (x+t (s) . ) } 

s  -►  0  t  -*•  0  S  3  3  3  3 

-  lim  7  {g,  (x+s ,)-g, .(x)}. 

s  -  0  S  3  1  3 


This  shows  at  once  that  g.^^x)  exists  and  equals  g,_.^(x).  □. 
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